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How can we model soot?

Multi-phase problem
Interactions between reacting gas phase and 
particulate
Several thermo-physical processes involved: 

Turbulent mixing
Chemical reactions
Soot formation and growth processes

Large range of time scales 

Detailed kinetic mechanism with PAH reactions
Proper turbulence-combustion model
Statistical models for soot particles evolution
Accurate coupling gas phase-soot phase 
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Particle size distributions are described by
the population balance equation (PBE)

! Frenzel, IWTT, TU Freiberg
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Local thermo-physical
processes, as e.g. 
particle nucleation,  

coagulation, oxidation

f (x, t; ! )
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Method of Moments (MOM)  

Transformation of PBE to transport equations for moments

Moment 
equations

@mk (x, t)

@t
+

@umk (x, t)

@x
= ṁk (x, t)
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The k-th moment is
an integral property of the 

distribution:
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@mk (x, t)

@t
+

@umk (x, t)

@x
= ṁk (x, t)
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EQMOM[2]

ESQMOM[3]

QMOM[1]

Approximation of unknown NDF by weighted 
sum of Dirac delta functions:

Algorithm based on Gaussian quadrature
theory to determine weights and node positions
No pointwise NDF information

Quadrature based method of moments (QMOM)

?

Ni = 2
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f(V ) ⇡ f⇤(V ) =
NiX
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�(V � Vi)wi
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example: 2 quadrature nodes (              )

Quadrature-based Methods of Moments

[1] R. McGraw, Aerosol Sci. Technol. 27, 1997
[2] Yuan et al. 2012, J. of Aerosol Science, 51, 1-23.
[3] Salenbauch et al. 2019, J. of Aerosol Science 128, 34-49.
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Quadrature-based Methods of Moments

Extended QMOM (EQMOM)

@mk (x, t)

@t
+

@umk (x, t)

@x
= ṁk (x, t)
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T

<latexit sha1_base64="lWwaux4I1W3/WcTrd8Z/Jk0vpGM="></latexit><latexit sha1_base64="XKN1ij5e5g90zXtR0FiMl1vpG18="></latexit><latexit sha1_base64="XKN1ij5e5g90zXtR0FiMl1vpG18="></latexit><latexit sha1_base64="N8Z7PQTCfqzvNYFAbuLwpb85sls="></latexit>

Ni = 2
<latexit sha1_base64="nC/0avV949rbBr84xLrEPl/yXdI="></latexit><latexit sha1_base64="zQfgUm931dLMuyhcdR9TUYjXZ2E="></latexit><latexit sha1_base64="zQfgUm931dLMuyhcdR9TUYjXZ2E="></latexit><latexit sha1_base64="rOrW9edLIMZpoFyneGZYg3aG2dA="></latexit>

6&)(#?6<,A,;23:,B,,,,,,,,,,,,,,C

EQMOM[2]

ESQMOM[3]

QMOM[1]

DEF,GH,I>J$)0K,"6$%:%?,L>'H,M6>8+%?H,ANK,EOON
DAF,P.)+,6*,)?H,AQEAK,RH,%-,"6$%:%?,L>'6+>6K,SEK,ETAUH
DUF,L)?6+4).>8 6*,)?H,AQEOK,RH,%-,"6$%:%?,L>'6+>6,EA!K,UVTVOH



9

Quadrature-based Methods of Moments

Reconstruction of the full particle size 
distribution by NS coupled sub-number density 
functions

Pointwise NDF information available
Suitable approach to model soot oxidation[3]

Only lower order moments solved
Numerically robust

Split-based Extended QMOM (ESQMOM)

@mk (x, t)

@t
+

@umk (x, t)

@x
= ṁk (x, t)
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2 ]T
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example: 2 sub NDFs (             )

EQMOM[2]

ESQMOM[3]

QMOM[1]

[1] R. McGraw, Aerosol Sci. Technol. 27, 1997
[2] Yuan et al. 2012, J. of Aerosol Science, 51, 1-23.
[3] Salenbauch et al. 2019, J. of Aerosol Science 128, 34-49.
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k ! Vsi , wsi , ! si with k = 0 , 1, 2
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The first three moments are related to the KDFs 
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÷Vsi



!"

!"#$%"&$'()*+''&*',$%"&$'(*$(*#"-$(".*/.0-$,0%*1#"-0

2,/0.$-0(&"#*+0&3/)* #$%&'#()*+,-./*.+0%.+'%%#+1(.#234*+%526(#2%/7!8

7!8+93:(;(..2( *#+(4<+="!!>+?.%3<+%0+#:*+@%A,<+B/'#<>+CC>+DEF+GDDD<+
7=8+H(4*/,(-3: *#+(4<+="!F>+I<+%0+J*.%'%4+H32*/3*+!=K>+CL&LF<

4''&*5"++*6'(70(&."&$'(*"(%*
8".&$7#0*93-:0.*;0(+$&<

� = 2.5
<latexit sha1_base64="TWQM2ouQ1np40V7E1+n5h3vQJIk="></latexit><latexit sha1_base64="TWQM2ouQ1np40V7E1+n5h3vQJIk="></latexit><latexit sha1_base64="TWQM2ouQ1np40V7E1+n5h3vQJIk="></latexit><latexit sha1_base64="TWQM2ouQ1np40V7E1+n5h3vQJIk="></latexit>

95:(-'# )('*' M
'%%#1(.#234*'

4&"=0*>)
H42):#4N0-*4&.23:
1.*A25*6 04(A*

� = 1.14
<latexit sha1_base64="anBv44dTpSlhwDpHFQR7onXtQ1Q="></latexit><latexit sha1_base64="anBv44dTpSlhwDpHFQR7onXtQ1Q="></latexit><latexit sha1_base64="anBv44dTpSlhwDpHFQR7onXtQ1Q="></latexit><latexit sha1_base64="anBv44dTpSlhwDpHFQR7onXtQ1Q="></latexit>

O
JP

4&"=0*?)
Q-*4&.23: 1.*A25*6

04(A*

1.0e−10

1.0e−09

1.0e−08

1.0e−07

1.0e−06

1.0e−05

 0  0.5  1  1.5  2  2.5  3  3.5So
ot

 M
as

s 
Co

nc
en

tra
tio

n 
m

s, 
g/

cm
3

HAB, mm

Experiment
Reference

split−based EQMOM

1.0e+07

1.0e+08

1.0e+09

1.0e+10

1.0e+11

 0  0.5  1  1.5  2  2.5  3  3.5

Nu
m

be
r D

en
sit

y 
N,

 #
/c

m
3

HAB, mm

1.0e−10

1.0e−09

1.0e−08

1.0e−07

1.0e−06

1.0e−05

 0  0.5  1  1.5  2  2.5  3  3.5So
ot

 M
as

s 
Co

nc
en

tra
tio

n 
m

s, 
g/

cm
3

HAB, mm

Experiment
Reference

split−based EQMOM

1.0e+07

1.0e+08

1.0e+09

1.0e+10

1.0e+11

 0  0.5  1  1.5  2  2.5  3  3.5

Nu
m

be
r D

en
sit

y 
N,

 #
/c

m
3

HAB, mm

H%%#
%526(#2%/



11

1D Flamelet Database CFD

tabulation
+!-pdf integration coupling

<latexit sha1_base64="igTbEPMzZEAid/aPpUwoar6DQtQ="></latexit>

Full Thermochemical State Reduced-order Model Solve control variables 

[1] N. Peters. Symp. (Int.) Combust. 21 (1988)

[1]
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�[

�U

�Û�D�P�H

�R�[�L�G�L�]�H�U

Thermo-chemical state

!Z

!y

!"
2

#2Yi

#Z 2 + ú$i = 0
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2

#2T
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" = 2D |! Z |2
<latexit sha1_base64="YOK5p57W2icttgimmAoTJkmjPi4="></latexit>

eZ, gZ 002, eYC
<latexit sha1_base64="UV+7cSdoQ99O6IUa/e4ATfUGyUg=">AAACGXicbVC5TgMxEPVyhnAtUNJYRCgUUbQbkKCMSEMZJHJAskRe7ySx4j1ke0HRan+Dhl+hoQAhSqj4G5yjCAlPGun5vRl55rkRZ1JZ1o+xtLyyurae2chubm3v7Jp7+3UZxoJCjYY8FE2XSOAsgJpiikMzEkB8l0PDHVRGfuMBhGRhcKOGETg+6QWsyyhRWuqYVvuReaAY9yC5Swt49pnP35fSwoxym3YqHTNnFa0x8CKxpySHpqh2zK+2F9LYh0BRTqRs2VaknIQIxSiHNNuOJUSEDkgPWpoGxAfpJOPLUnysFQ93Q6ErUHiszk4kxJdy6Lu60yeqL+e9kfif14pV98JJWBDFCgI6+agbc6xCPIoJe0wAVXyoCaGC6V0x7RNBqNJhZnUI9vzJi6ReKtqnRev6LFe+nMaRQYfoCJ0gG52jMrpCVVRDFD2hF/SG3o1n49X4MD4nrUvGdOYA/YHx/QvAHaC/</latexit>

eT (K)
<latexit sha1_base64="C2DEHZG9nPsfkYXfHbW/wu1qrIM=">AAAB+3icbVBNS8NAEN34WetXrEcvi0Wol5KooMeiF8FLhX5BW8pmM2mXbjZhd6OWkL/ixYMiXv0j3vw3btsctPXBwOO9GWbmeTFnSjvOt7Wyura+sVnYKm7v7O7t2wellooSSaFJIx7JjkcUcCagqZnm0IklkNDj0PbGN1O//QBSsUg09CSGfkiGggWMEm2kgV3qPTIfNOM+pI0MV+5O8cAuO1VnBrxM3JyUUY76wP7q+RFNQhCacqJU13Vi3U+J1IxyyIq9REFM6JgMoWuoICGofjq7PcMnRvFxEElTQuOZ+nsiJaFSk9AznSHRI7XoTcX/vG6ig6t+ykScaBB0vihIONYRngaBfSaBaj4xhFDJzK2YjogkVJu4iiYEd/HlZdI6q7rnVef+oly7zuMooCN0jCrIRZeohm5RHTURRU/oGb2iNyuzXqx362PeumLlM4foD6zPH9IZk6A=</latexit>

eYC
<latexit sha1_base64="UflWePImFNWKIXXZx6/dcM6Y8DA=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5KooMdiLx4r2A9pQ9hspu3SzSbsbiwl9qd48aCIV3+JN/+N2zYHbX0w8Hhvhpl5QcKZ0o7zbRXW1jc2t4rbpZ3dvf0Du3zYUnEqKTRpzGPZCYgCzgQ0NdMcOokEEgUc2sGoPvPbjyAVi8W9niTgRWQgWJ9Roo3k2+XemIWgGQ8he5j6dYx9u+JUnTnwKnFzUkE5Gr791QtjmkYgNOVEqa7rJNrLiNSMcpiWeqmChNARGUDXUEEiUF42P32KT40S4n4sTQmN5+rviYxESk2iwHRGRA/VsjcT//O6qe5fexkTSapB0MWifsqxjvEsBxwyCVTziSGESmZuxXRIJKHapFUyIbjLL6+S1nnVvag6d5eV2k0eRxEdoxN0hlx0hWroFjVQE1E0Rs/oFb1ZT9aL9W59LFoLVj5zhP7A+vwBuGSToQ==</latexit>

 ̃ =  ̃( eZ, gZ 002, eYC)
<latexit sha1_base64="mVKOxViWrxcyiAhNcMAa03CSmmg=">AAACNHicbVDLSgMxFM34rPVVdekmWKQVpMxUQTdCsRvBTQWr1U4tmcxtDWYeJBmlDPNRbvwQNyK4UMSt32DazmKsHgice8693NzjhJxJZZqvxtT0zOzcfG4hv7i0vLJaWFu/kEEkKDRpwAPRcogEznxoKqY4tEIBxHM4XDp39aF/eQ9CssA/V4MQOh7p+6zHKFFa6hZObcW4C7HdkCw5yhZl+4G5MBauk12cLUulm2qym1Gukm59p1somhVzBPyXWCkpohSNbuHZdgMaeeAryomUbcsMVScmQjHKIcnbkYSQ0DvSh7amPvFAduLR0Qne1oqLe4HQz1d4pGYnYuJJOfAc3ekRdSsnvaH4n9eOVO+wEzM/jBT4dLyoF3GsAjxMELtMAFV8oAmhgum/YnpLBKFK55zXIViTJ/8lF9WKtVcxz/aLteM0jhzaRFuojCx0gGroBDVQE1H0iF7QO/ownow349P4GrdOGenMBvoF4/sHCT+sNw==</latexit>

Turbulence and Combustion Modeling approach
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Coupling combustion-soot model

Following Mueller and Pitsch (2012)[1], an additional transport equation 
for a lumped PAH species is solved 

The source term is determined as 

Extended table including PAH reacting rates and soot nucleation rate  

@⇢ỸPAH

@t
+

@⇢̃ũj ỸPAH

@xj

=
@

@xj

"
⇢
⇣
eD +Dt

⌘ @ỸPAH

@xj

#
+ !̇PAH

<latexit sha1_base64="OwqYqhyJW5QrY8l79sKxwPstZuY="></latexit>

!̇ P AH = !̇
+F LUT
P AH + !̇

�F LUT
P AH

 
eYP AH

eY F LUT
P AH

!
+ !̇

F LUT
nuc

 
eYP AH

eY F LUT
P AH

!2

<latexit sha1_base64="G85V7RdGzj4Cx4K2q4/nmr4tkLM="></latexit>

Chemical 
Production

Chemical 
Destruction

Destruction due 
to soot nucleation

[1] Mueller M. E., Pitsch H., Combustion and Flame , 159, 2012.
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Numerical Framework: Solver

STFS in-house
Universal Laminar Flame 

solver
CFD solver

Flexible, robust framework for 
reactive and multi-phase systems
Object-oriented C/C++ code with 
multiple compiler support
Run-time configurable adaptable
Multiple functions: stand-alone 
software or coupled library 
Includes QMOM library

Three-dimensional Navier-Stokes 
and transport scalar equations 
solvers on complex meshes

PRECISE
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Application: turbulent sooting flame

Large Eddy Simulation of the Delft Adelaide Flame III

Target case of the International sooting flame (ISF) Workshop[1]

Main jet: 81% CH4, 14% N2

Pilot: C2H2/H2/Air
Experimental data available for gas and soot phase[2]

Simulation framework: OpenFOAM coupled with in-house QMOM library
Combustion model: tabulated Flamelet-Progress variable approach
Kinetic mechanism: Caltech[3] mech., 174 species +1896 reactions
Soot model:  Split-based EQMOM approach with 2 sub-NDFs
Soot physical-chemical processes: nucleation, coagulation, 
condensation, HACA, oxidation 

[1] ISF workshop,  „Other Flame 1“ www.adelaide.edu.au/cet/isfworkshop/data-sets/turbulent
[2] Qamar et al., 2009,  Combustion and Flame, 156. 
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Large Eddy Simulation of the Delft Adelaide Flame

Gas-phase results: Velocity field 
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Large Eddy Simulation of the Delft Adelaide Flame

Gas-phase results: Mixture fraction and Temperature

► Mean mixture fraction and temperature fields correctly predicted
► Remaining difference in temperature profiles due to neglected radiation effects 
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Large Eddy Simulation of the Delft Adelaide Flame: soot properties

Z T (K) YPAH fv PND 
(1/cm3)

► PAH and soot formation confined to the fuel-rich region
► Observable soot volume fraction downstream x=0.3 m  
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Large Eddy Simulation of the Delft Adelaide Flame

Particle Number density (1/cm3) Time evolution of the Particle
Size distribution (1/cm3)

Particle diameter (nm)

N
orm

alized tim
e

N
orm

alized tim
e

N
orm

alized tim
e

Soot particle number density
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LES Delft Adelaide Flame: soot phase

Soot Source Terms
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Conclusions and Outlook

► Integrated OF numerical framework including flamelet

combustion model and QMOM based methods 

► YPAH equation to account for slow PAH reactions
► Extended Split QMOM: robust approach for a pointwise 

distribution of the particle size

► LES of the Adelaide Delft flame (ISF target)

► Gas-phase flow field correctly predicted

► Soot properties qualitative agreement with the experiments

► Soot volume fraction source terms active in different positions 

of the flame

Outlook:
► The numerical framework is promising for simulations of sooting reacting 

flows in more complex configurations

► Further investigations of bi-component spray at engine condition, from 

injection to soot formation 
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Thank you for your attention!
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Calculations for this research were conducted on the Lichtenberg high performance
computer of the TU Darmstadt within the computing project 973 and 1154. 


